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Some new inequalities
of Hermite–Hadamard type
for GA-convex functions
Abstract. Some new inequalities of Hermite–Hadamard type for GA-convex
functions defined on positive intervals are given. Refinements and weighted
version of known inequalities are provided. Some applications for special
means are also obtained.
1. Introduction. Let J ⊂ (0,∞) be an interval; a real-valued function
f : J → R is said to be GA-convex (concave) on J (see for instance [2]), if
(1.1) f
(
x1−λyλ
)
≤ (≥) (1− λ) f (x) + λf (y)
for all x, y ∈ J and λ ∈ [0, 1].
Since the condition (1.1) can be written as
(1.2)
f ◦ exp ((1− λ) lnx+ λ ln y)
≤ (≥) (1− λ) f ◦ exp (lnx) + λf ◦ exp (ln y) ,
then we observe that f : J → R is GA-convex (concave) on J if and only
if f ◦ exp is convex (concave) on ln J := {ln z, z ∈ J}. If J = [a, b], then
ln J = [ln a, ln b].
It is known that the function f (x) = ln (1 + x) is GA-convex on (0,∞) [2].
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For real and positive values of x, the Euler gamma function Γ and its
logarithmic derivative ψ, the so-called digamma function, are defined by
Γ (x) :=
∫ ∞
0
tx−1e−tdt and ψ (x) :=
Γ′ (x)
Γ (x)
.
It has been shown in [28] that the function f : (0,∞)→ R defined by
f (x) = ψ (x) +
1
2x
is GA-concave on (0,∞) while the function g : (0,∞)→ R defined by
g (x) = ψ (x) +
1
2x
+
1
12x2
is GA-convex on (0,∞).
Example 1. If [a, b] ⊂ (0,∞) and the function g : [ln a, ln b]→ R is convex
(concave) on [ln a, ln b], then the function f : [a, b] → R, f (t) = g (ln t) is
GA-convex (concave) on [a, b].
We recall that the classical Hermite–Hadamard inequality states that
(1.3) f
(
a+ b
2
)
≤ 1
b− a
∫ b
a
f (t) dt ≤ f (a) + f (b)
2
for any convex function f : [a, b]→ R.
For related results, see [1]–[6], [8]–[11], [12]–[18] and [20]–[27].
The identric mean I (a, b) is defined by
I (a, b) :=
1
e
(
bb
aa
) 1
b−a
while the logarithmic mean is defined by
L (a, b) :=
b− a
ln b− ln a
where 0 < a < b.
In [28] the authors obtained the following Hermite–Hadamard type in-
equality.
Theorem 1. If b > a > 0 and f : [a, b] → R is a differentiable GA-convex
(concave) function on [a, b] , then
(1.4)
f (I (a, b)) ≤ (≥) 1
b− a
∫ b
a
f (t) dt
≤ (≥) b− L (a, b)
b− a f (b) +
L (a, b)− a
b− a f (a) .
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The differentiability of the function is not necessary in Theorem 1 for the
first inequality (1.4) to hold, as shown in [10].
If we take λ = 12 in the definition (1.1) of GA-convex (concave) function
on [a, b], then we have
(1.5) f
(√
ab
)
≤ (≥) f (a) + f (b)
2
.
The following refinement of (1.5), which is an inequality of Hermite–
Hadamard type, holds (see [25] for an extension for GA h-convex functions):
Theorem 2. Let f : [a, b] ⊂ (0,∞)→ R be a GA-convex (concave) function
on [a, b]. Then we have
(1.6) f
(√
ab
)
≤ (≥) 1
ln b− ln a
∫ b
a
f (t)
t
dt ≤ (≥) f (a) + f (b)
2
.
Motivated by the above results we provide in the following a refinement
of (1.6) for a division of the interval [a, b]. We also establish a weighted
version that generalizes the inequalities (1.4) and (1.6) and provides upper
and lower bounds for the moments
1
b− a
∫ b
a
tpf (t) dt, for p ∈ R with p 6= 0,−1
of the GA-convex (concave) function on [a, b].
2. Some refinements. In 1994, [5] (see also [17, p. 22]) we proved the
following refinement of Hermite–Hadamard inequality. For the sake of com-
pleteness we give here a direct proof that is different from the one in [5].
Lemma 1. Let g : [c, d] → R be a convex function on [c, d]. Then for any
division c = x0 < x1 < · · · < xn−1 < xn = d with n ≥ 1 we have the
inequalities
(2.1)
g
(
c+ d
2
)
≤ 1
d− c
n−1∑
i=0
(xi+1 − xi) g
(
xi+1 + xi
2
)
≤ 1
d− c
∫ d
c
g (x) dx
≤ 1
d− c
n−1∑
i=0
(xi+1 − xi) g (xi) + g (xi+1)
2
≤ 1
2
[g (c) + g (d)] .
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Proof. Using the Hermite–Hadamard inequality on the interval [xi, xi+1],
i ∈ {0, . . . , n− 1}, we have
(2.2)
(xi+1 − xi) g
(
xi+1 + xi
2
)
≤
∫ xi+1
xi
g (x) dx
≤ (xi+1 − xi) g (xi) + g (xi+1)
2
for any i ∈ {0, . . . , n− 1}.
Summing in (2.2) over i ∈ {0, . . . , n− 1} and dividing by d − c, we get
the second and the third inequalities in (2.1).
Since for pi :=
xi+1−xi
d−c ≥ 0 we have
∑n−1
i=0 pi = 1, then by Jensen’s
inequality we have
1
d− c
n−1∑
i=0
(xi+1 − xi) g
(
xi+1 + xi
2
)
≥ g
(
1
d− c
n−1∑
i=0
(xi+1 − xi)
(
xi+1 + xi
2
))
= g
(
1
d− c
n−1∑
i=0
(
x2i+1 − x2i
2
))
= g
(
d2 − c2
2 (d− c)
)
= g
(
c+ d
2
)
,
which proves the first inequality in (2.1).
For a convex function g : [c, d]→ R we have
g (x) = g
(
(d− x) c+ (x− c) d
d− c
)
≤ (d− x) g (c) + (x− c) g (d)
d− c
for any x ∈ [c, d].
This implies that
g (xi) ≤ 1
d− c [(d− xi) g (c) + (xi − c) g (d)]
and
g (xi+1) ≤ 1
d− c [(d− xi+1) g (c) + (xi+1 − c) g (d)]
for any i ∈ {0, . . . , n− 1}.
Therefore,
n−1∑
i=0
(xi+1 − xi) g (xi) + g (xi+1)
2
≤ 1
2 (d− c)
n−1∑
i=0
(xi+1 − xi)
[
(d− xi)g(c)
+ (xi − c)g(d) + (d− xi+1)g(c) + (xi+1 − c)g(d)
]
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=
1
d− c
[(
d (d− c)− 1
2
(
d2 − c2)) g (c) + (1
2
(
d2 − c2)− c (d− c)) g (d)]
= (d− c) g (c) + g (d)
2
,
and the last part of (2.1) is proved. 
Theorem 3. Let f : [a, b] ⊂ (0,∞)→ R be a GA-convex function on [a, b].
Then for any division a = t0 < t1 < · · · < tn−1 < tn = b with n ≥ 1 we have
the inequalities
(2.3)
f
(√
ab
)
≤ 1
ln b− ln a
n−1∑
i=0
(ln ti+1 − ln ti) f
(√
titi+1
)
≤ 1
ln b− ln a
∫ b
a
f (s)
s
ds
≤ 1
ln b− ln a
n−1∑
i=0
(ln ti+1 − ln ti) f (ti) + f (ti+1)
2
≤ 1
2
[f (a) + f (b)] .
Proof. If f : [a, b] ⊂ (0,∞) → R is a GA-convex function on [a, b], then
f ◦ exp is convex on [ln a, ln b]. Let c = ln a, d = ln b and the division
xi = ln ti, i ∈ {0, . . . , n− 1} of the interval [c, d].
If we write the inequality (2.1) for g = f ◦ exp on the interval [c, d] and
for the division
ln a = ln t0 < ln t1 < · · · < ln tn−1 < ln tn = ln b,
we have
(2.4)
(f ◦ exp)
(
ln a+ ln b
2
)
≤ 1
ln b− ln a
n−1∑
i=0
(ln ti+1 − ln ti) (f ◦ exp)
(
ln ti+1 + ln ti
2
)
≤ 1
ln b− ln a
∫ ln b
ln a
(f ◦ exp) (x) dx
≤ 1
ln b− ln a
n−1∑
i=0
(ln ti+1 − ln ti) (f ◦ exp) (ln ti) + (f ◦ exp) (ln ti+1)
2
≤ 1
2
[(f ◦ exp) (ln a) + (f ◦ exp) (ln b)] ,
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that is equivalent to
(2.5)
f
(√
ab
)
≤ 1
ln b− ln a
n−1∑
i=0
(ln ti+1 − ln ti) f
(√
titi+1
)
≤ 1
ln b− ln a
∫ ln b
ln a
(f ◦ exp) (x) dx
≤ 1
ln b− ln a
n−1∑
i=0
(ln ti+1 − ln ti) f (ti) + f (ti+1)
2
≤ 1
2
[f (a) + f (b)] .
By using the change of variable exp (x) = t, we have x = ln t, dx = dtt and∫ ln b
ln a
(f ◦ exp) (x) dx =
∫ b
a
f (t)
t
dt
and by (2.5) we get the desired result (2.3). 
Corollary 1. Let f : [a, b] ⊂ (0,∞)→ R be a GA-convex function on [a, b].
If a ≤ t ≤ b, then we have
(2.6)
f
(√
ab
)
≤ 1
ln b− ln a
[
(ln t− ln a) f
(√
at
)
+ (ln b− ln t) f
(√
tb
)]
≤ 1
ln b− ln a
∫ b
a
f (s)
s
ds
≤ 1
2
[
f (t) +
(ln t− ln a) f (a) + (ln b− ln t) f (b)
ln b− ln a
]
≤ 1
2
[f (a) + f (b)] .
Remark 1. Let f : [a, b] ⊂ (0,∞) → R be a GA-convex function on [a, b].
For a division 0 = λ0 < λ1 < · · · < λn−1 < λn = 1 with n ≥ 1 of the interval
[0, 1], consider the division
(2.7) ti := a
(
b
a
)λi
= a1−λibλi , i ∈ {0, . . . , n− 1}
of the interval [a, b].
Observe that
ln ti+1 − ln ti = ln
[
a
(
b
a
)λi+1]
− ln
[
a
(
b
a
)λi]
= ln a+ λi+1 ln
(
b
a
)
− ln a− λi ln
(
b
a
)
= (ln b− ln a) (λi+1 − λi)
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and √
titi+1 =
√
a1−λibλia1−λi+1bλi+1 = a1−
λi+λi+1
2 b
λi+λi+1
2
for any i ∈ {0, . . . , n− 1}.
If we write the inequality (2.3) for the division (2.7) we get
(2.8)
f
(√
ab
)
≤
n−1∑
i=0
(λi+1 − λi) f
(
a1−
λi+λi+1
2 b
λi+λi+1
2
)
≤ 1
ln b− ln a
∫ b
a
f (s)
s
ds
≤
n−1∑
i=0
(λi+1 − λi)
f
(
a1−λibλi
)
+ f
(
a1−λi+1bλi+1
)
2
≤ 1
2
[f (a) + f (b)] ,
for any division 0 = λ0 < λ1 < · · · < λn−1 < λn = 1 with n ≥ 1 of the
interval [0, 1].
If we write the inequality (2.8) for 0 < λ < 1, then we get
(2.9)
f
(√
ab
)
≤ (1− λ) f
(
a
1−λ
2 b
λ+1
2
)
+ λf
(
a
2−λ
2 b
λ
2
)
≤ 1
ln b− ln a
∫ b
a
f (t)
t
dt
≤ 1
2
[
f
(
a1−λbλ
)
+ (1− λ) f (b) + λf (a)
]
≤ f (a) + f (b)
2
.
The inequality (2.9) was obtained in [10].
In the following section we establish some weighted Hermite–Hadamard
type inequalities for GA-convex functions.
3. Weighted inequalities. We have the following weighted inequality:
Theorem 4. Let f : [a, b] ⊂ (0,∞)→ R be a GA-convex function on [a, b]
and w : [a, b] → [0,∞) an integrable function on [a, b] with ∫ ba w (t) dt > 0,
then
(3.1)
f
(
exp
(∫ b
a w (t) ln tdt∫ b
a w (t) dt
))
≤
∫ b
a w (t) f (t) dt∫ b
a w (t) dt
≤
(
ln b−
∫ b
a w(t) ln tdt∫ b
a w(t)dt
)
f (a) +
(∫ b
a w(t) ln tdt∫ b
a w(t)dt
− ln a
)
f (b)
ln b− ln a .
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Proof. Observe that for t ∈ [a, b] we have
ln t =
(ln b− ln t) ln a+ (ln t− ln a) ln b
ln b− ln a .
By the convexity of f ◦ exp we have
(3.2)
f (t) = (f ◦ exp) (ln t)
= (f ◦ exp)
(
(ln b− ln t) ln a+ (ln t− ln a) ln b
ln b− ln a
)
≤ ln b− ln t
ln b− ln af (a) +
ln t− ln a
ln b− ln af (b)
for any t ∈ [a, b].
If we multiply (3.2) by w (t) ≥ 0, t ∈ [a, b] and integrate over t on [a, b],
then we get∫ b
a
f (t)w (t) dt
≤ ln b
∫ b
a w (t) dt−
∫ b
a w (t) ln tdt
ln b− ln a f (a) +
∫ b
a w (t) ln tdt− ln a
∫ b
a w (t) dt
ln b− ln a f (b)
and the second inequality in (3.1) is proved.
By Jensen’s inequality we have∫ b
a w (t) f (t) dt∫ b
a w (t) dt
=
∫ b
a w (t) (f ◦ exp) (ln t) dt∫ b
a w (t) dt
≥ (f ◦ exp)
(∫ b
a w (t) ln tdt∫ b
a w (t) dt
)
and the first part of (3.1) is proved. 
Corollary 2 (see Theorem 2). Let f : [a, b] ⊂ (0,∞)→ R be a GA-convex
function on [a, b], then
(3.3) f
(√
ab
)
≤ 1
ln b− ln a
∫ b
a
f (t)
t
dt ≤ f (a) + f (b)
2
.
Proof. If we take w (t) = 1t in (3.1), then we have
(3.4)
f
(
exp
(∫ b
a
ln t
t dt∫ b
a
1
t dt
))
≤
∫ b
a
f(t)
t dt∫ b
a
1
t dt
≤
(
ln b−
∫ b
a
ln t
t
dt∫ b
a
1
t
dt
)
f (a) +
(∫ b
a
ln t
t
dt∫ b
a
1
t
dt
− ln a
)
f (b)
ln b− ln a .
Since ∫ b
a
ln t
t
dt =
1
2
[
(ln b)2 − (ln a)2
]
,
∫ b
a
1
t
dt = ln b− ln a,
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then we get from (3.4)
f
(
exp
(
ln b+ ln a
2
))
≤
∫ b
a
f(t)
t dt
ln b− ln a
≤
(
ln b− ln b+ln a2
)
f (a) +
(
ln b+ln a
2 − ln a
)
f (b)
ln b− ln a
and the inequality (3.3) is proved. 
Define the p-logarithmic mean as
Lp (a, b) :=
(
1
p+ 1
bp+1 − ap+1
b− a
)1/p
, p 6= −1, 0
for 0 < a < b.
Corollary 3. Let f : [a, b] ⊂ (0,∞)→ R be a GA-convex function on [a, b],
then for any p ∈ R with p 6= 0,−1 we have
(3.5)
Lpp (a, b) f
([
I
(
ap+1, bp+1
)] 1
p+1
)
≤ 1
b− a
∫ b
a
tpf (t) dt
≤
(
L
(
ap+1, bp+1
)− ap+1) f (a) + (bp+1 − L (ap+1, bp+1)) f (b)
(p+ 1) (b− a) .
If p = 0, then we have
(3.6)
f (I (a, b)) ≤ 1
b− a
∫ b
a
f (t) dt
≤ (L (a, b)− a) f (a) + (b− L (a, b)) f (b)
b− a .
Proof. If we take w (t) = tp, with p 6= 0,−1 in (3.1), then we have
(3.7)
f
(
exp
(∫ b
a t
p ln tdt∫ b
a t
pdt
))
≤
∫ b
a t
pf (t) dt∫ b
a t
pdt
≤
(
ln b−
∫ b
a t
p ln tdt∫ b
a t
pdt
)
f (a) +
(∫ b
a t
p ln tdt∫ b
a t
pdt
− ln a
)
f (b)
ln b− ln a .
We have ∫ b
a
tpdt =
1
p+ 1
(
bp+1 − ap+1)
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and ∫ b
a
tp ln tdt =
1
p+ 1
∫ b
a
ln tdtp+1
=
1
p+ 1
[
tp+1 ln t
∣∣b
a
−
∫ b
a
tpdt
]
=
1
p+ 1
(
bp+1 ln b− ap+1 ln a− 1
p+ 1
(
bp+1 − ap+1)) .
Then ∫ b
a t
p ln tdt∫ b
a t
pdt
=
1
p+1
(
bp+1 ln b− ap+1 ln a− 1p+1
(
bp+1 − ap+1))
1
p+1 (b
p+1 − ap+1)
=
1
p+ 1
ln I
(
ap+1, bp+1
)
= ln
[
I
(
ap+1, bp+1
)] 1
p+1 ,
ln b−
∫ b
a t
p ln tdt∫ b
a t
pdt
= ln b− 1
p+ 1
[
bp+1 ln bp+1 − ap+1 ln ap+1
bp+1 − ap+1 − 1
]
=
1
p+ 1
(
1− ln b
p+1 − ln ap+1
bp+1 − ap+1 a
p+1
)
=
1
p+ 1
(
1− a
p+1
L (ap+1, bp+1)
)
=
1
p+ 1
L
(
ap+1, bp+1
)− ap+1
L (ap+1, bp+1)
and, similarly,∫ b
a t
p ln tdt∫ b
a t
pdt
− ln a = 1
p+ 1
bp+1 − L (ap+1, bp+1)
L (ap+1, bp+1)
.
From (3.7) we then have
f
(
exp
(
ln
[
I
(
ap+1, bp+1
)] 1
p+1
))
≤
1
b−a
∫ b
a t
pf (t) dt
1
b−a
∫ b
a t
pdt
≤
(
1
p+1
L(ap+1,bp+1)−ap+1
L(ap+1,bp+1)
)
f (a) +
(
1
p+1
bp+1−L(ap+1,bp+1)
L(ap+1,bp+1)
)
f (b)
ln b− ln a ,
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i.e.
f
([
I
(
ap+1, bp+1
)] 1
p+1
)
≤
1
b−a
∫ b
a t
pf (t) dt
Lpp (a, b)
≤
(
1
p+1
L(ap+1,bp+1)−ap+1
L(ap+1,bp+1)
)
f (a) +
(
1
p+1
bp+1−L(ap+1,bp+1)
L(ap+1,bp+1)
)
f (b)
ln b− ln a
=
L(ap+1,bp+1)−ap+1
L(ap+1,bp+1)
f (a) +
bp+1−L(ap+1,bp+1)
L(ap+1,bp+1)
f (b)
ln bp+1 − ln ap+1 .
By multiplying this inequality with Lpp (a, b), we get
Lpp (a, b) f
([
I
(
ap+1, bp+1
)] 1
p+1
)
≤ 1
b− a
∫ b
a
tpf (t) dt
≤ b
p+1 − ap+1
(p+ 1) (b− a)
L(ap+1,bp+1)−ap+1
L(ap+1,bp+1)
f (a) +
bp+1−L(ap+1,bp+1)
L(ap+1,bp+1)
f (b)
ln bp+1 − ln ap+1
=
(
L
(
ap+1, bp+1
)− ap+1) f (a) + (bp+1 − L (ap+1, bp+1)) f (b)
(p+ 1) (b− a) .
If we perform the calculations in the above inequalities for p = 0, we get
the desired inequality (3.6). We omit the details. 
Remark 2. If we take p = 1 in (3.5), then we get
(3.8)
f
(√
I (a2, b2)
)
≤ 1
b− a
∫ b
a
tf (t) dt
≤
(
A (a, b)L (a, b)− a2) f (a) + (b2 −A (a, b)L (a, b)) f (b)
2 (b− a) .
4. Applications. Let q 6= 0 and consider the convex function g (t) =
exp (qt) , t ∈ R. Then the function fq : (0,∞) → R, fq (t) = g (ln t) =
exp (q ln t) = tq is a GA-convex function on (0,∞). We observe that for
0 < a < b we have
1
b− a
∫ b
a
tqdt =

1
q+1
bq+1−aq+1
b−a , q 6= −1
ln b−ln a
b−a , q = −1
=
 L
q
q (a, b) , q 6= −1
L−1 (a, b) , q = −1,
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where Lq (a, b) (q 6= −1) is the q-Logarithmic mean and L is the logarithmic
mean defined in the introduction.
If we write the inequality (2.8) for the GA-convex function on (0,∞),
fq : (0,∞)→ R, fq (t) = tq, q 6= 0, then we get the following result:
Proposition 1. For any division 0 = λ0 < λ1 < · · · < λn−1 < λn = 1 with
n ≥ 1 of the interval [0, 1],
(4.1)
Gq (a, b) ≤
n−1∑
i=0
(λi+1 − λi)Gq
(
a2−λi−λi+1 , bλi+λi+1
)
≤ L (a, b)Lq−1q−1 (a, b)
≤
n−1∑
i=0
(λi+1 − λi)
Gq
(
a2(1−λi), b2λi
)
+Gq
(
a2(1−λi+1), b2λi+1
)
2
≤ A (aq, bq) .
If we write the inequality (3.5) for the GA-convex function on (0,∞),
fq : (0,∞)→ R, fq (t) = tq, q 6= 0, then:
Proposition 2. If 0 < a < b and p, q ∈ R with p 6= 0,−1, q 6= 0, then
(4.2)
Lpp (a, b)
[
I
(
ap+1, bp+1
)] q
p+1
≤ Lp+qp+q (a, b)
≤
(
L
(
ap+1, bp+1
)− ap+1) aq + (bp+1 − L (ap+1, bp+1)) bq
(p+ 1) (b− a) .
From (3.6) and (3.8) we get:
Proposition 3. If 0 < a < b and q ∈ R with q 6= 0, then
(4.3) Iq (a, b) ≤ Lqq (a, b) ≤
(L (a, b)− a) aq + (b− L (a, b)) bq
b− a ,
and
(4.4)
Iq/2
(
a2, b2
) ≤ Lq+1q+1 (a, b)
≤
(
A (a, b)L (a, b)− a2) aq + (b2 −A (a, b)L (a, b)) bq
2 (b− a) .
Acknowledgement. The author would like to thank the anonymous ref-
eree for valuable suggestions that have been implemented in the final version
of the manuscript.
References
[1] Alomari, M., Darus, M., The Hadamard’s inequality for s-convex function, Int. J.
Math. Anal. (Ruse) 2 (2008), no. 13–16, 639–646.
Some new inequalities of Hermite–Hadamard type... 67
[2] Anderson, G. D., Vamanamurthy, M. K., Vuorinen, M., Generalized convexity and
inequalities, J. Math. Anal. Appl. 335 (2007) 1294–1308.
[3] Beckenbach, E. F., Convex functions, Bull. Amer. Math. Soc. 54 (1948), 439–460.
[4] Cristescu, G., Hadamard type inequalities for convolution of h-convex functions, Ann.
Tiberiu Popoviciu Semin. Funct. Equ. Approx. Convexity 8 (2010), 3–11.
[5] Dragomir, S. S., Some remarks on Hadamard’s inequalities for convex functions,
Extracta Math. 9 (2) (1994), 88–94.
[6] Dragomir, S. S., An inequality improving the first Hermite–Hadamard inequality for
convex functions defined on linear spaces and applications for semi-inner products.
J. Inequal. Pure Appl. Math. 3 (2) (2002), Article 31, 8 pp.
[7] Dragomir, S. S., An inequality improving the second Hermite–Hadamard inequality
for convex functions defined on linear spaces and applications for semi-inner products,
J. Inequal. Pure Appl. Math. 3 (3) (2002), Article 35, 18 pp.
[8] Dragomir, S. S., An Ostrowski like inequality for convex functions and applications,
Revista Math. Complutense 16 (2) (2003), 373–382.
[9] Dragomir, S. S., Operator Inequalities of Ostrowski and Trapezoidal Type, Springer,
New York, 2012.
[10] Dragomir, S. S., Inequalities of Hermite–Hadamard type for GA-convex functions,
Preprint RGMIA Res. Rep. Coll.
[11] Dragomir, S. S., Cerone, P., Roumeliotis J., Wang, S., A weighted version of Os-
trowski inequality for mappings of Ho¨lder type and applications in numerical analysis,
Bull. Math. Soc. Sci. Math. Romanie 42 (90) (4) (1999), 301–314.
[12] Dragomir, S. S., Fitzpatrick, S., The Hadamard inequalities for s-convex functions in
the second sense, Demonstratio Math. 32 (4) (1999), 687–696.
[13] Dragomir, S. S., Fitzpatrick, S., The Jensen inequality for s-Breckner convex func-
tions in linear spaces, Demonstratio Math. 33 (1) (2000), 43–49.
[14] Dragomir, S. S., Mond, B., On Hadamard’s inequality for a class of functions of
Godunova and Levin, Indian J. Math. 39 (1) (1997), 1–9.
[15] Dragomir, S. S., Pearce, C. E. M., On Jensen’s inequality for a class of functions of
Godunova and Levin, Period. Math. Hungar. 33 (2) (1996), 93–100.
[16] Dragomir, S. S., Pearce, C. E. M., Quasi-convex functions and Hadamard’s inequality,
Bull. Austral. Math. Soc. 57 (1998), 377–385.
[17] Dragomir, S. S., Pearce, C. E. M., Selected Topics on Hermite–Hadamard Inequal-
ities and Applications, RGMIA Monographs, Victoria University, 2000 [Online
http://rgmia.org/monographs/hermite hadamard.html].
[18] Dragomir, S. S., Pecˇarić, J., Persson, L., Some inequalities of Hadamard type, Soo-
chow J. Math. 21 (3) (1995), 335–341.
[19] Dragomir, S. S., Rassias, Th. M., (Eds), Ostrowski Type Inequalities and Applications
in Numerical Integration, Kluwer Academic Publisher, 2002.
[20] El Farissi, A., Simple proof and refinement of Hermite–Hadamard inequality, J. Math.
Ineq. 4 (3) (2010), 365–369.
[21] Kirmaci, U. S., Klaricˇić Bakula, M., O¨zdemir, M. E., Pecˇarić, J., Hadamard-type
inequalities for s-convex functions, Appl. Math. Comput. 193 (1) (2007), 26–35.
[22] Latif, M. A., On some inequalities for h-convex functions, Int. J. Math. Anal. (Ruse)
4 (29–32) (2010), 1473–1482.
[23] Mitrinović, D. S., Lacković, I. B., Hermite and convexity, Aequationes Math. 28
(1985), 229–232.
[24] Mitrinović, D. S., Pecˇarić, J. E., Note on a class of functions of Godunova and Levin,
C. R. Math. Rep. Acad. Sci. Canada 12 (1) (1990), 33–36.
[25] Noor, M. A., Noor, K. I., Awan, M. U., Some inequalities for geometrically-
arithmetically h-convex functions, Creat. Math. Inform. 23 (1) (2014), 91–98.
68 S. S. Dragomir
[26] Pearce, C. E. M., Rubinov, A. M., P-functions, quasi-convex functions, and
Hadamard-type inequalities, J. Math. Anal. Appl. 240 (1) (1999), 92–104.
[27] Pecˇarić, J. E., Dragomir, S. S., On an inequality of Godunova–Levin and some re-
finements of Jensen integral inequality, Itinerant Seminar on Functional Equations,
Approximation and Convexity (Cluj-Napoca, 1989), 263–268, Preprint, 89-6, Univ.
“Babes¸-Bolyai”, Cluj-Napoca, 1989.
[28] Zhang, X.-M., Chu, Y.-M., Zhang, X.-H., The Hermite–Hadamard type inequality of
GA-convex functions and its application, J. Inequal. Appl. vol. 2010, Article 507560,
11 pp.
S. S. Dragomir
College of Engineering & Science
Victoria University, PO Box 14428
Melbourne City, MC 8001
Australia
e-mail: sever.dragomir@vu.edu.au
url: http://rgmia.org/dragomir
DST-NRF Centre of Excellence in the Mathematical and Statistical Sciences
School of Computer Science and Applied Mathematics
University of the Witwatersrand
Private Bag 3, Johannesburg 2050
South Africa
Received April 11, 2017
